Abstract. For a Weyl group W of classical type, we present a formula to calculate the restriction of (graded) Springer representations of W to a maximal parabolic subgroup W ′ where the types of W and W ′ are in the same series. As a result, we obtain recursive formulas for the Betti numbers of Springer fibers for classical types.
Introduction
Let G be a connected reductive group over F q where q is a power of some prime p and let W be its Weyl group. When p and q are sufficiently large, Springer [Spr76] defined the action of W on the cohomology groups of the Springer fiber B N of any nilpotent element N ∈ Lie G defined over F q . Later, the condition on p and q is removed by Lusztig [Lus81] using the theory of perverse sheaves. Now we suppose that G is of classical type and split over F q . When G is of type A, then its Springer representations are explicitly determined in terms of Green polynomials first appeared in Green's paper [Gre55] . Similarly, when G is of type B, C, or D and p > 2, then Srinivasan [Sri77] proved that its Springer representations are also described by some polynomials, which are now called Green functions. In other words, when N ∈ Lie G is a nilpotent element fixed by the standard Frobenius morphism F , then the eigenvalues of F * on each H i (B N ) is given by ±q j for some j ∈ N, see [Sri77, Theorem 1].
The aim of this paper is to obtain some restriction formulas about these Green functions of classical types by exploiting the method of [Sri77] . To be precise, suppose that W ′ is a maximal parabolic subgroup of W such that the types of W and W ′ are in the same series. Then for any N ∈ Lie G and for each i ∈ Z, we express Res W W ′ H i (B N ) in terms of Springer representations corresponding to W ′ . As a result, we also obtain inductive formulas for the Betti numbers of Springer fibers. Note that there exists an algorithm developed by Shoji [Sho83] and Lusztig [Lus86] which calculates the Green functions using the orthogonality of such functions and the theory of character sheaves. As our formula only gives information about the restriction of Springer representations to a fixed maximal parabolic subgroup, our result is weaker than their algorithm. However, we believe that our method is much faster than their algorithm if one only wants to calculate the Betti numbers of Springer fibers.
Finally, we remark that this paper supersedes one of the author's previous papers [Kim18] . In particular, if we forget the cohomological gradings on the main theorem, then we recover the result of [Kim18] . This paper is organized as follows: in Section 2 we review some basic notations and definitions which will be used throughout this paper; in Section 3 we define a notion of a standard model that is essential for most of the calculation in this paper; in Section 4 we state our main theorem; in Section 5 we recall the parametrization of rational nilpotent orbits in the Lie algebra of G; in Section 6 partial Springer resolution studied by Borho and MacPherson [BM83] is revisited; in Section 7 we prove the main theorem in some special cases when all the Jordan blocks of a nilpotent element are the same size; in Section 8 we generalize the result in the previous section and complete the proof of the main theorem.
Setup
Let p > 2 be a prime number and q be some power of p. We assume that p and q are sufficiently large, and that q ≡ 1 (mod 8) so that 2, −1 ∈ (F × q )
2 . (However, the result of this paper is still valid for any prime p > 2 and arbitrary q.) We fix the square root of 2 and -1, denoted √ 2, ∈ F × q , respectively.
For a variety X defined over F q , we say that X is defined over F q if there exists X 0 over F q such that X = X 0 × Spec Fq Spec F q . If so, we define F to be the geometric Frobenius morphism F : X → X with respect to the corresponding F q -structure on X. Also write X F to be the set of (closed) points in X fixed by F .
For a variety X, let Q ℓX be the constant Q ℓ -adic sheaf on X where ℓ is a prime different from the characteristic of X. For i ∈ Z, define H i (X) := H i (X, Q ℓX ) to be the i-th ℓ-adic cohomology group of X and let H * (X) := i∈Z (−1) i H i (X) be their alternating sum (as a virtual vector space). If X is defined over F q , then there exists a canonical endomorphism F * on each H i (X) and also on H * (X)
Let G be either SO 2n+1 , Sp 2n , or SO 2n which is split over F q . Write g to be the Lie algebra of G. Then any element g ∈ G acts on g by adjoint action, denoted by Ad g : g → g. Also, we let (V, , ) be the defining representation of G where , : V × V → F q is an F -stable bilinear form respected by G. It is symmetric if G = SO 2n+1 or G = SO 2n , and symplectic if G = Sp 2n .
Let W be the Weyl group of G with a set S of simple reflections. (Note that F acts trivially on W by assumption.) If G is either SO 2n+1 or Sp 2n for some n ≥ 1, then we set S = {s 1 , s 2 , . . . , s n } such that (s 1 s 2 ) 4 = (s i s i+1 ) 3 = id for any 2 ≤ i ≤ n − 1, and let W ′ be the maximal parabolic subgroup of W generated by s 1 , s 2 , . . . , s n−1 . If G is SO 2n for some n ≥ 2, then we set S = {s 1 , s 2 , . . . , s n } such that (s 1 s 3 ) 3 = (s 2 s 3 ) 3 = (s 1 s 2 ) 2 = (s i s i+1 ) 3 = id for any 3 ≤ i ≤ n − 1. If n ≥ 3, then let W ′ be the maximal parabolic subgroup of W generated by s 1 , s 2 , . . . , s n−1 . If n = 2, then set
Let B be the flag variety of G consisting of its Borel subgroups. For a nilpotent element N ∈ g, we define the Springer fiber of N to be the variety B N := {B ∈ B | N ∈ Lie B}. Then each H i (B N ) is equipped with the Springer action of W originally defined by [Spr76] . Here we adopt the convention of [Lus81] For a nilpotent N ∈ g, let Z G (N ) ⊂ G be the stabilizer of N under adjoint action of G. Then Z G (N ) acts naturally on each H i (B N ), which descends to the action of its component group
0 . It is known that the action of A(N ) and W on H i (B N ) commute. Also, F acts trivially on A(N ) [Sho83, 3.1] and thus F * and the action of A(N ) on H i (B N ) also commute.
For a partition λ ⊢ n, we write either λ = (λ 1 , λ 2 , . . .) or λ = (1 m1 2 m2 · · · ) to describe its parts. For example, we have (6, 6, 4) = (4 1 6 2 ) ⊢ 16. Also, for a 1 , a 2 , . . . , a k , b 1 , b 2 , . . . , b k ∈ N such that {a 1 , a 2 , . . . , a k } ⊂ {λ 1 , λ 2 , . . .} as a multiset, we define λ↓ (a1,a2,...,a k ) (b1,b2,...,b k ) to be the partition whose parts are obtained from {λ 1 , λ 2 , . . .} by replacing a 1 , a 2 , . . . , a k with b 1 , b 2 , . . . , b k and rearranging it if necessary. For example, we have (6, 4, 4, 4, 3, 2)↓ (4,4) (2,1) = (6, 4, 3, 2, 2, 1). For a nilpotent element N ∈ g, we define its Jordan type to be the partition whose parts are the sizes of Jordan blocks of N considered as an endomorphism on V . If the Jordan type of N is λ, we also say that N is of Jordan type λ. If G is SO 2n+1 , then the nilpotent orbits in g are parametrized by the set of partitions
such that any element in the nilpotent orbit parametrized by λ is of Jordan type λ. Similarly if G is Sp 2n , then the nilpotent orbits in g are parametrized by
If G is SO 2n , then there exists such a bijection between the nilpotent orbits in g and
then it corresponds to two nilpotent orbits in g. Such λ is called a very even partition. In this case we use λ+ and λ− to parametrize two such orbits (if necessary).
Note that A(N ) is an F 2 -vector space for any nilpotent N ∈ g. If N and N ′ are in the same G-orbit, i.e. if there exists g ∈ G such that Ad g N = N ′ , then it induces an isomorphism Ad g : A(N ) → A(N ′ ). This does not depend on the choice of g because for any h ∈ Z G (N ), the isomorphism Ad h : A(N ) ≃ A(N ) is equal to the identity map (since A(N ) is abelian). Thus for each nilpotent orbit in g we may attach an abstract group which is canonically isomorphic to A(N ) for any element N in this orbit. If such an orbit is parametrized by λ, then we denote this abstract group by A(λ).
If G = SO 2n and λ is very even, we define A(λ+) and A(λ−) similarly. However, we may further identify A(λ+) and A(λ−); if the orbits of N and N ′ are parametrized by λ+ and λ−, respectively, then there exists g ∈ O 2n − SO 2n such that Ad g N = N ′ . Then it descends to the isomorphism Ad g : A(N ) → A(N ′ ), which is also canonical since Z O2n (N )/Z O2n (N ) 0 is abelian. (Note that this group naturally contains A(N ) as a subgroup of index 2.) Thus we may define A(λ) to be the abstract group canonically isomorphic to A(N ) for any N ∈ Lie SO 2n of Jordan type λ even when λ is very even.
Recall that there are actions of W and A(N ) on H i (B N ) that commute with each other. Thus if N is of Jordan type λ, we may regard
where x is an indeterminate. By [Sri77, Theorem 2], in fact this is a Q[x]-valued virtual character of W . When G = SO 2n and λ is very even, we define TSp x (λ+, z) and TSp x (λ−, z) similarly for any z ∈ A(λ), and let
Finally, we define TSp q (λ, z) := TSp x (λ, z) | x=q .
Standard model
3.1. Orthogonal decomposition with respect to N . Suppose that N ∈ g is a nilpotent element of Jordan type (1 m1 2 m2 · · · ). Then there exists an orthogonal decomposition
where each V i is N -stable and N | Vi is of Jordan type (i mi ). Note that this decomposition is not canonical. For any nilpotent N ∈ g, we usually assume that such a decomposition of V is also given. In such a case we define ker i N := ker N ∩ V i . Likewise, let V >i := j>i V j and ker >i N := ker N ∩ V >i , and define V ≥i , V <i , V ≤i , ker ≥i N, ker <i N, and ker ≤i N in an analogous manner.
3.2. A basis adapted to N . Let N ∈ g be a nilpotent element of Jordan type λ. We define a certain basis of V as follows. First assume that λ = (i m ) for some i, m ∈ Z >0 . Then we choose a basis {Ú s,t | 1 ≤ s ≤ m, 1 ≤ t ≤ i} which satisfies
and the following holds.
• If G = Sp mi and i is odd or G = SO mi and i is even, then
Note that it is always possible to choose such a basis.
In general, for N ∈ g of Jordan type (1 m1 2 m2 3 m3 · · · ) we let V = V 1 ⊕ V 2 ⊕ · · · be the decomposition defined in 3.1. Then we choose a basis {Ú Assume that N ∈ g is of Jordan type (i m ) for some i, m ∈ Z >0 . If G = Sp mi and i is odd, or G = SO mi and i is even, thenÃ(N ) is trivial. Otherwise, let {Ú s,t } s,t be the basis of V defined in 3.2 and consider the following two cases.
• Suppose that m is odd. Then definez : V → V to be the linear map characterized bỹ
• Suppose that m is even. Then definez : V → V to be the linear map characterized bỹ
In each case, it is easy to show thatz ∈ ZG(N ) and the image ofz inÃ(N ) equals the unique nontrivial element ofÃ(N ).
In general, for N ∈ g of Jordan type λ = (1 m1 2 m2 3 m3 · · · ) we consider the decomposition V = V 1 ⊕ V 2 ⊕ · · · as in 3.1. When G = Sp 2n , for each even i definez i : V i → V i to be the linear map defined above and extend trivially to V . When G = SO 2n+1 or G = SO 2n , for each odd i we definez i : V i → V i similarly. Then it is also clear thatz i ∈ ZG(N ) and the image of {z i } i generates A(N ).
Recall the definition of A(λ), an abstract group canonically isomorphic to A(N ). We defineÃ(λ) analogously to A(λ). Let z i ∈Ã(λ) be the image ofz i ∈ ZG(N ) under the canonical homomorphism
We define the notion of a standard model. Later, most calculation in this paper will begin with a proper choice of some standard model. Note that {z i } i is a subset of ZG(N ), whose image generatesÃ(N ).
Main theorem
We are ready to state the main theorem of this paper. (
Here, in the expression above z = j z aj j is understood as an element of A(λ↓
as a character of W ′ . Here, in the expression above z = j z aj j is understood as an element of A(λ↓ Example 4.2. For brevity let us write X x (λ, z) := TSp x (λ, z) (id). Here we calculate some
Similarly, when G = Sp 6 we have
The rest of this paper is devoted to the proof of this main theorem. From now on, we assume that G = Sp 2n for some n ≥ 2 and give a proof in this case. However, the cases when G = SO 2n+1 and G = SO 2n can be proved in almost the same manner. Later we give a remark for the proof in such cases at the end of each following section.
Rational orbits of nilpotent elements
5.1. Quadratic form Q on ker N . We assume that N ∈ g is a nilpotent element of Jordan type (i m ) for some i, m ∈ Z >0 . Then there exists a canonical quadratic form If i is odd, then direct calculation shows that Q = 0. Otherwise, Q is non-degenerate. We recall the basis {Ú s,t | 1 ≤ s ≤ m, 1 ≤ t ≤ i} defined in 3.2. Then clearly {Ú s,i } s is a basis of ker N . Now we identify ker N with F q m where v = x 1 Ú 1,i + x 2 Ú 2,i + · · · is sent to (x 1 , x 2 , . . .). Then Q is given by the equation
if m is odd and
if m is even.
In general, for a nilpotent element N ∈ g of Jordan type (1 m1 2 m2 · · · ) consider the decomposition V = V 1 ⊕ V 2 ⊕ · · · defined in 3.1. Then similarly there exists a canonical quadratic form on each ker i N , which we denote by Q i .
Quadratic form
Before we proceed, let us recall the classification of quadratic forms over F q . LetṼ = F n q andQ be a quadratic formQ :Ṽ → F q . We say thatQ is split if it is isometric over F q to the one given by the equation
if n is even, and
where (x 1 , x 2 , . . . , x n ) are F q -coordinates ofṼ . Otherwise it is called non-split. Then it is known thatQ is split if and only if detQ is a quadratic residue modulo q. (Recall that −1 is a quadratic residue modulo q by our assumption.)
′ -stable nilpotent element of Jordan type (i m ) for some i, m ∈ Z >0 and suppose that i is even. Then the quadratic form Q : ker N → F q is non-degenerate and F ′ -stable, thus Q restricts to a well-defined quadratic form Q F ′ : (ker N )
5.3. Split nilpotent element. Here we recall the notion of a split nilpotent element. Again
Definition 5.1 ( [Sho83, BS84] ). Let N ∈ g be an F ′ -stable nilpotent element. Then we say that N is split with respect to F ′ if F ′ acts trivially on the set of irreducible components of B N . In particular if F ′ = F , then we say that N is split. (It was called distinguished in [Sho83] .)
There is a strong connection between splitness of N and corresponding quadratic forms Q i F ′ as described in the following proposition. 
First of all, we define the notion of a rational standard model.
Now we describe rational nilpotent orbits in g
is a rational standard model for λ. In particular, N is split with respect to
, and there exists a bijective correspondence
where to each rational orbit G From now on, we say that N is untwisted with respect to
Then it is clear that such an element exists and the set of untwisted elements with respect to F ′ is a rational orbit. (An untwisted nilpotent element is split but not vice versa in general, see [Sho97, p.381] .) Also for any z ∈ A(λ) we say that N is twisted by z with respect to F ′ if its rational orbit is parametrized by z under the correspondence above. In particular, an untwisted nilpotent element is twisted by the identity.
In fact, splitness of each Q Let us give more examples of twisted nilpotent elements. For simplicity, suppose N ∈ g is a nilpotent element of Jordan type (i m ) for some even i and assume that (N, {Ú s,t } s,t , {z}) is a standard model. We further assume that F ′ (N ) = N for some Frobenius F ′ , but we do not assume that each Ú s,i is F ′ -stable. Then we have the following.
(1) Suppose that m is odd and let j =
} is the set of j such that F ′ acts on Ú j,i as in (1) Proof. It follows from Proposition 5.4.
Remark. When G = SO 2n+1 or G = SO 2n , we instead considerG-orbits on g and replace A(N ) withÃ(N ), A(λ) withÃ(λ), etc. Then the statement in this section is still valid if one switch the conditions of i being even and i being odd.
Partial Springer resolution
In this section, we develop a tool from the theory of partial Springer resolution studied in [BM83] . It will be crucial for the proof of our main theorem. For a partial flag variety P of G, we defineg P := {(x, P ) ∈ g × P | x ∈ Lie P } and also setg :=g B . Then the Grothendieck-Springer resolution π :g → g factors through
− → g where η :g →g P is the natural projection. Let W P be the Weyl group of some/any parabolic subgroup P ⊂ P, considered as a corresponding parabolic subgroup of W . According to [BM83, 2.13], the complex η * Q ℓ is equipped with a W P -action such that its induced action on ξ * (η * Q ℓ ) = π * Q ℓ coincides with the restriction of the usual Springer W -action. Then B x is the Springer fiber of x and η x * Q ℓB x is equipped with a W P -action which is compatible with the Springer Waction on (ξ x • η x ) * Q ℓB x , i.e. cohomology groups of B x . This implies that the Leray spectral sequence
is a spectral sequence of W P -modules where the W P -action on H i+j (B x ) is given by the restriction of the usual Springer W -action. (See [HS79, Theorem 5.1] for its proof in characteristic 0 case.) Let N ∈ g be an F -stable nilpotent element. For z ∈ A(N ), let us choose its representativẽ z ∈ Z G (N ) which is F -stable. (It is always possible by Lang-Steinberg theorem, see e.g. [DM91, Corollary 3.13].) Also let w ∈ W P . Our goal is to calculate tr(wzF * , H * (B N )). By the spectral sequence above, it is the same as
There is a canonical isomorphism F * :
− → H j η N * Q ℓB N which comes from the natural F q -structure of η N * Q ℓB N . We consider the Weil sheaf (H j η N * Q ℓB N , wz * F * ), i.e. η N * Q ℓB N with the fixed isomorphism
Here the underlying geometric Frobenius morphism is given byzF = Adz 
is the Springer fiber of N with respect to the stabilizer of l in G. Therefore, it follows that tr(wzF
In particular, if P is the Grassmannian of isotropic lines, then W P = W ′ , P N = P(ker N ), and η Similarly, if λ(l) is the Jordan type of N ′ = N | l ⊥ /l and if N ′ is twisted by z(l) ∈ A(λ(l)) with respect tozF , then tr(wz * F * , H * (B ′ N ′ )) = TSp q (λ(l), z(l)) (w) We summarize this as follows. This will be our primary tool to prove the main theorem.
Proposition 6.1. Suppose that N ∈ g is an F -stable nilpotent element of Jordan type λ which is split. Also suppose thatz ∈ Z G (N )
(λ). Then we have
where λ(l) is the Jordan type of N | l ⊥ /l and z(l) is the element in A(λ(l)) such that N | l ⊥ /l is twisted by z(l) with respect tozF .
Remark. Here we consider the case when G = SO 2n+1 or SO 2n .
1. It is not necessarily true that P N = P(ker N ) especially when N has a Jordan block of size 1.
However, the statement of Proposition 6.1 is still valid since if l ∈ P(ker N ) is not isotropic then η −1 N (l) is empty.
2. The proposition above is still valid when G = SO 2n and one of λ or λ(l) is very even. Indeed, if λ is very even then n is even, thus none of λ(l) is very even. But in this case Res
for any z ∈ A(λ), thus it does not matter whether the orbits of N is parametrized by either λ+ or λ−. On the other hand, if one of λ(l) is very even then n is odd thus λ is not very even. Therefore Res W W ′ TSp q (λ, z) is stable under the outer automorphism of W ′ swapping s 1 and s 2 , which means that the coefficients of TSp q (λ(l)+, z(l)) and TSp q (λ(l)−, z(l)) in the formula should be the same. Then the claim follows from the definition of TSp q (λ(l), z(l)) for λ(l) very even.
Rectangular case
We start with the case when the Jordan type of a nilpotent element is (i m ) for some i, m ∈ Z >0 , i.e. a rectangle. When i is odd, let (N, {Ú s,t } s,t , ∅, F ) be a rational standard model for (i m ). Similarly when i is even, let (N, {Ú s,t } s,t , {z}, F ) be a rational standard model for (i m ). In this section we relate Res
, − using Proposition 6.1.
i odd. In this case m is always even, and A(N ) is trivial. Also for any
where each X j is a subset of P(ker N ) with the additional condition x 1 = x 2 = · · · = x j = 0.
Suppose l ∈ P(ker N ) and span (v) = l for some v ∈ ker N . If l ∈ X j−1 − X j then x 1 = x 2 = · · · = x j−1 = 0 but x j = 0. Thus without loss of generality we may set x j = 1. Then l is F -stable if and only if x k ∈ F q for all k ≥ j + 1. We let Û i s,t := Ú s,t − ϑ s x m+1−s Ú m+1−j,t for s = j or m + 1 − j, and
Here, ϑ s = 1 if s and m + 1 − j are either both ≥ m 2 or both < m 2 , and ϑ s = −1 otherwise. Then direct calculation shows that
form a basis of l ⊥ /l adapted to N | l ⊥ /l , and each element in B ∩ ker N | l ⊥ /l is F -stable. Thus by Corollary 5.5, N | l ⊥ /l is untwisted with respect to F .
Since #P(ker N ) F = (q m − 1)/(q − 1), by Proposition 6.1 we conclude that
7.2. i even, m odd. In this case A(N ) ≃ Z/2. We set r := m+1 2 . Let H ⊂ P(ker N ) be the hypersurface consisting of zeroes of Q where Q is defined as in 5.1. Then the Jordan type of N | l ⊥ /l is equal to ((i − 1)
For v ∈ ker N we write v = x 1 Ú 1,i + x 2 Ú 2,i + · · · + x m Ú m,i for some x 1 , . . . , x m ∈ F q . Then H is defined by the equation 2x 1 x m + 2x 2 x m−1 + · · · + 2x r−1 x r+1 + x 2 r = 0. 7.2.1. l ∈ H case. We define a filtration
where H j is defined by the subset of H with the additional condition x 1 = x 2 = · · · = x j = 0.
Suppose l ∈ H and span (v) = l for some v ∈ ker N . If l ∈ H j−1 − H j then j = r and x 1 = x 2 = · · · = x j−1 = 0 but x j = 0. Thus without loss of generality we may set x j = 1. First assume that l is F -stable, i.e. x k ∈ F q for all k ≥ j + 1. We let Û i s,t := Ú s,t − x m+1−s Ú m+1−j,t if s = j or m + 1 − j, and
Then direct calculation shows that
is a basis of l ⊥ /l adapted to N l ⊥ /l , and each element in B ∩ ker N | l ⊥ /l is F -stable. Thus by Corollary 5.5, N | l ⊥ /l is untwisted with respect to F . Also note that #H
This time we assume that l ∈ H j−1 −H j iszF -stable. This condition is equivalent to that x k ∈ F q for all k = r and (x r ) q = −x r . (In particular, x r ∈ F q 2 .) Then B above is still adapted to N | l ⊥ /l and each element in B∩ker N | l ⊥ /l iszF -stable except thatzF (Û 2 i m−2 ) with respect tozF . Also note that #Hz
Similarly we have a filtration
where C j is defined by the subset of C with the additional condition x 1 = x 2 = · · · = x j = 0. We assume l ∈ C j−1 − C j and span (v) = l for some
Thus without loss of generality we may put x j = 1.
First we assume that j = r. We set
which is nonzero by assumption. Also choose ǫ ∈ F × q 2 such that ǫ 2 = δ.
Suppose that l is F -stable, i.e. x k ∈ F q for all k ≥ j + 1. We define
, and
Now there are two cases to consider. . By Lemma 5.6, we see that N | l ⊥ /l is twisted by
When l iszF -stable, then x k ∈ F q for all k = r and (x r ) q = −x r . We choose a basis B the same as before except It remains to check the case when l ∈ C r−1 − C r . As before we set x r = 1. Suppose that l is F -stable, i.e. x k ∈ F q for all k ≥ r + 1. We define
if s = r, and
Then the set
This time we assume that l iszF -stable, i.e. In order to apply Proposition 6.1, it remains to calculate the cardinals of the following sets.
We first calculate #X and #Y . Note that #X +#Y = #C Therefore by Proposition 6.1 we have
If we combine these two formulas we get
for any a ∈ Z.
7.3. i even, m even. In this case A(N ) ≃ Z/2. We argue similarly to i even, m odd case. Let r := m 2 . Let H ⊂ P(ker N ) be the hypersurface consisting of zeroes of Q where Q is defined as in 5.1. Then the Jordan type of N | l ⊥ /l is equal to
For v ∈ ker N we write v = x 1 Ú 1,i + x 2 Ú 2,i + · · · + x m Ú m,i for some x 1 , . . . , x m ∈ F q . Then H is defined by the equation 2x 1 x m + 2x 2 x m−1 + · · · + 2x r x r+1 = 0. 7.3.1. l ∈ H case. We define a filtration
Suppose l ∈ H and span (v) = l for some v ∈ ker N . If l ∈ H j−1 − H j then x 1 = x 2 = · · · = x j−1 = 0 but x j = 0. Thus without loss of generality we may set x j = 1. First assume that l is F -stable, i.e. x k ∈ F q for all k ≥ j + 1. We let Û i s,t := Ú s,t − x m+1−s Ú m+1−j,t if s = j or m + 1 − j, and
is a basis of l ⊥ /l adapted to N l ⊥ /l , and each element in B∩ker N | l ⊥ /l is F -stable. Thus by Corollary 5.5, N | l ⊥ /l is untwisted with respect to F . Also note that #H
This time we assume that l iszF -stable. This assumption forces that j ∈ {r, r + 1}. Then we have x k ∈ F q for all k ∈ {r − 1, r}, x q r = x r+1 , and x q r+1 = x r . (Thus in particular x r , x r+1 ∈ F q 2 .) We set B to be the same as above. Then B is a basis of l ⊥ /l adapted to N | l ⊥ /l , andzF stabilizes each element in B ∩ ker N | l ⊥ /l except thatzF swaps Û 2 i m−2 ) with respect tozF . Also note that #Hz
There are two cases to consider. It remains to check the case when l ∈ C r−1 − C r . As before we set x r = 1. Suppose that l is F -stable, i.e. x k ∈ F q for all k ≥ j + 1. We define
Here ǫ is an element in F q 2 satisfying ǫ 2 = 2x r+1 .
Then the set q k x r+1 = x k for k ∈ {r, r + 1}. First suppose that x r+1 ∈ F q , i.e. x r+1 = ±1. Then we set
where ǫ is an element in F q 2 such that ǫ 2 = 2x r+1 . Then B is a basis of l ⊥ /l adapted to N | l ⊥ /l and each element in B∩ker N | l ⊥ /l iszF -stable possibly except Û i r+1,i and Û i−2 i−2 . Indeed, we havẽ In order to apply Proposition 6.1, we need to calculate the cardinals of the following sets.
X := {l ∈ C F | N | l ⊥ /l is untwisted with respect to F },
) with respect to F },
We first calculate #X and #Y . Note that #X + #Y = #C 
. Indeed, if we choose a ∈ F × q 2 such that a q = −a (which always exists), then
gives a bijection between X ′ ∩ (C r−1 − C r ) and Y ′ ∩ (C r−1 − C r ). Therefore, we have #X
Therefore by Proposition 6.1 we have
Remark. When G = SO 2n+1 or SO 2n , z i is not necessarily in A(i m ) but inÃ(i m ), thus TSp q (i m , z i ) may not be well-defined. However, as we will see, this does not cause any problem in the next section.
Generalization
Here, we discuss how to apply the results in the previous section to a nilpotent element of a general Jordan type. We start with the following lemma. Let F ′ := Ad h •F for some h ∈ G and let N ∈ g be a F ′ -stable nilpotent element of Jordan type (1 m1 2 m2 · · · ). Consider the decomposition
Proof. Write v = j v j where v j ∈ V j . First we claim that we may restrict our situation to V ′ = V i ⊕ j V j where the direct sum j V j is over all j such that v j = 0. To this end, let V ′′ = j V j which is over all j such that v j = 0 so that V ′ ⊕ V ′′ is an orthogonal decomposition of V . Clearly F ′ and N preserves each V ′ and V ′′ , thus if we let
′ sends x to x + v, from which the claim follows. Now we first consider the case when V = V j ⊕ V i for some j > i, i.e. the Jordan type of N is (i mi j mj ). The v = 0 case is trivial, thus suppose otherwise and choose
(Such elements always exist.) Furthermore we may assume that
(This can easily be shown by using a standard model.) We consider the following two cases.
(1) Restriction of , on span
This is always possible, which can be shown by using a standard model. If we let
∩ V i ) which is both N -stable and F ′ -stable. Now by similar reason to above we may assume that
which is both N -stable and F ′ -stable. Now by similar reason to above we may assume that
We apply the same argument to
Then we may assume that
Now it suffices to consider the following four cases.
• m i = m j = 2. We define g : V → V to be
which is extended by linearity and the condition Ad g (N ) = N .
• m i = 2, m j = 1. In this case j is always even. We define g : V → V to be
• m i = 1, m j = 2. In this case i is always even. We define g : V → V to be
• m i = m j = 1. In this case both i and j are even. Define a k , b k , c k , . . . ∈ F q for k ∈ N inductively such that they satisfy
c s c k−s = 0 for k ≥ 1, and
Then we define g : V → V to be
In each case, direct calculation shows that g is F ′ -stable, g preserves , , and g(x) = x + v. Thus the result holds.
For general N ∈ g, as we observed already it suffices to prove the case when V <i = 0 and v j = 0 for any j > i such that m j = 0. Let j ′ > i be the smallest integer among such j. Then we have an orthogonal decomposition V = V >j ′ ⊕ V j ′ ⊕ V i . Now by the argument above, if we set G ′ = Sp(V j ′ ⊕ V i ) then there exists g ∈ Z G ′ (N ) This lemma has a following consequence. Suppose we are given l ∈ P(ker i N ), l ′ ∈ P(ker ≥i N ) such that F ′ (l) = l, F ′ (l ′ ) = l ′ , and l ≡ l ′ mod ker >i N . (In particular, l ′ ∈ P(ker >i N ).) Then there exist x, v ∈ V F ′ such that l = span (x) and l ′ = span (x + v). Now the lemma above says that there exists g ∈ Z G (N ) In order to simplify this formula, consider a canonical projection P(ker ≥i N ) − P(ker >i N ) → P(ker i N ) which is a fiber bundle with fiber isomorphic to ker >i N ≃ A m>i where m >i := j>i m j . This morphism is clearlyzF -equivariant, and for each l ∈ P(ker i N ) there are exactly q m>iz F -stable points in the fiber of l since #(A d ) N (l))) we may apply the results in the previous section since each V i ⊂ V is a direct summand in the orthogonal decomposition V = V 1 ⊕ V 2 ⊕ · · · . The following theorem is now a natural consequence. Thus, Theorem 4.1 is valid at least when its formula is evaluated at x = q. However, the proof of Theorem 8.2 remains valid when we replace q by q a for any a ∈ Z >0 , i.e. the formula of Theorem 4.1 is valid when evaluated at infinitely many integers {q a | a ∈ Z >0 }. As we already know that Res W W ′ TSp x (λ, z) is a polynomial in x, we conclude that Theorem 4.1 is true as stated. Remark. When G = SO 2n+1 or G = SO 2n , we need to switch the condition of i being even and i being odd in the expression above. After this, if we start with z ∈ A(λ) and after we remove terms with either zero coefficient and of the form TSp q λ↓
(1) (−1) , − , then one can check that there does not appear any term of the form TSp q (λ ′ , z ′ ) with z ′ ∈Ã(λ ′ ) − A(λ ′ ). Therefore, Theorem 8.2 is also valid when G = SO 2n+1 or G = SO 2n (after switching the condition of i being even and i being odd). Also, the theorem holds even when G = SO 2n and one of λ, λ↓ 
